Abstracts: A new set of basis functions was constructed using the Rossby-Haurwitz waves, which are the eigenfunctions of nondivergent barotropic vorticity equations on the sphere. The basis functions were designed to be non-separable, that is, not factored into functions of either the longitude or the latitude. Due to this property, the nodal lines of the functions are aligned neither along with the meridian nor the parallel. The basis functions can be categorized into groups of which members have the same degree or the total wavenumber-like index on the sphere. The orthonormality of the basis functions were found to be close to the machine roundoffs, giving the error of O(10 ) for double-precision computation (64 bit arithmetic). It was demonstrated through time-stepping procedure that the basis functions were also the eigenfunctions of the non-divergent barotropic vorticity equations. The projection of the basis functions was carried out onto the low-resolution geopotential field of Gaussian bell, and compared with the theory. The same projections were performed for the observed atmospheric-geopotential height field of 500 hPa surface to demonstrate decomposition into the fields that contain disturbance of certain range of horizontal scales. The usefulness of the new basis functions was thus addressed for application to the eigenmode analysis of the atmospheric motions on the global domain.
Introduction
Geophysical phenomena on the spherical surface are in general described by differential equations expressed with the spherical coordinates system (Swarztrauber, 1993 (Swarztrauber, , 1996 Holton, 2004; Flyer et al., 2012) . Geophysical gridded-data commonly adopts lat-lon grid system where the grids are aligned along the spherical coordinate axes. This gives many advantages when dealing with a discrete analogue of the differential equations governing geophysical phenomena. Among them, the most important one may be the structuredness of the grid, which allows the use of efficient data structure on digital computers. For instance, the gridded-data covering the whole sphere can be represented as two dimensional arrays.
Since the global data are periodic in the longitudinal direction on the spherical coordinate system, the Fourier transform can be conveniently used to represent the data in terms of the wave space (Swarztrauber, 1993; Jekeli et al., 2007; Cheong et al., 2012) . In particular, this periodicity can be more important in the linearized system, e.g., a shallow water system, because they can be transformed into only latitudedependent differential equations through Fourier analysis. This makes the dynamical analysis much simpler and easier. However, the use of these zonally Fourier-transformed equations implies that their solution yield only separable functions; therefore some important features are unlikely to be captured appropriately by this approach.
Recently, the global grid systems, which are not of lat-lon structure, have emerged in an attempt to provide a nearly uniform resolution over the globe and to avoid the non-uniformity of the lat-lon grid system (Heikes and Randall, 1995; Stuhne and Peltier, 1995; Nair, 2009; Flyer et al., 2012; Heikes et al., 2013) . There are many uniform grid systems, as illustrated by Flyer et al. (2012) and Weller (2012) . Icosahedral grids and the cubed-sphere grids are considered two representative almost-uniform grids, with which global numerical models have been developed over the past two decades. A notable feature of these grid systems is that the eigensolution of dynamical systems discretized on these grids is fundamentally different from those obtained from traditional lat-lon grids (Thuburn et al., 2009; Weller, 2012) . Thuburn et al. (2009) have found that the eigenfunctions of the spherical Laplacian operator is not separable into either the longitude or the latitude. Most of the eigenfunctions reflected the grid structures: The cubed sphere grid was found to have eigenfunctions with a 6-fold symmetry, while the icosahedral grid was shown to provide 12-or 20-fold symmetric structures. These results imply that the eigensolutions of other linear systems may exhibit non lat-lon structure. Although the non lat-lon grids such as the icosahedral-and cubed sphere-grid provide nonseparable eigenfunctions, it is not feasible to express them in terms of analytical formula. Therefore, the application of the non-separable eigensolutions to the analysis of geophysical problems including the atmospheric dynamics may be quite limited. The purpose of this paper is hence to construct nonseparable basis functions which can be expressed in analytical formula. This paper is organized as follows. In the next section, the nondivergent barotropic equations on the sphere and associated solutions are briefly described. Then, a new set of orthonormal basis functions are constructed using the Legendre functions or the Rossby-Haurwitz waves, and orthonormality of the functions are evaluated in the following section. In the final section, summary and conclusion is presented.
Non-divergent Barotropic Rossby-Haurwitz Waves and Legendre Functions
The non-divergent barotropic vorticity equation on a unit sphere is written as (Dickinson, 1978; Holton, 2004; Cheong and Park, 2007) 
where λ and θ are the longitude and the latitude, respectively, and u and v denote the nondivergent, longitudinal-and latitudinal-velocity component, respectively, ζ is the vorticity, and [=2Ω sin θ ] means the Coriolis parameter with Ω being the Earth's rotation rate. Introducing the streamfunction, the vorticity and the velocities are expressed as diagnostic equations as
.
The linearized form of (1) for the super-rotating atmosphere is written in terms of the streamfunction as .
The streamfunction, which is one of the square integrable scalar functions, can be expanded with infinite series of the Legendre functions: ,
where x =sinθ , m is the zonal wavenumber, implies the Legendre function with the order m and degree n, and represents the spectral coefficient of complex variable. The spherical Laplacian of the streamfunction satisfies the following identity, because the Legendre functions are the eigensolutions of the spherical Laplacian operator as:
. (5) On the whole domain on the spherical surface, the
Legendre polynomials constitute the orthonormal basis such that ,
where δ n,l means Kronecker delta. Substituting (4) into (3), an ordinary differential equation for the spectral coefficients is obtained as (Rossby, 1939; Aleksey et al., 2003) : ,
With the function as , (7) yields the dispersion relation of the Rossby-Haurwitz wave:
,
which gives the phase speed of westward propagation (Boyd, 1980; Holton, 2004; Cai and Huang, 2013) :
Orthonormal basis using Rossby-Haurwitz waves (Legendre functions)
Using the orthonormality of the Rossby-Haurwitz waves (Legendre functions with n >0), new set of orthonormal basis functions, which are not separable in the longitude and the latitude, can be constructed: ,
where k is the mode number, and an,k,m represents the real-valued coefficients of the Spherical Harmonic Functions (Dilts, 1985; Moriguchi et al., 1990; Nehrkorn, 1990; Swarztrauber, 1993; Sneeuw and Bun, 1996; Jekeli et al., 2007; Cheong et al., 2012) . The function in (9) includes more than one zonalwavenumber component, hence, of which structure is not any more separable in the longitude and the latitude. As the degree becomes higher, more zonalwavenumber components are included in the basis function. One important property that is required for the basis functions is the orthonormality:
( 1 1 ) From the orthonormality of the SHFs, which are used as building blocks of the new orthogonal basis functions, the requirement of (11) can be expressed in terms of an,k,m as .
( 12) The Fourier functions, by virtue of the orthogonality, can be an appropriate candidate for a n,k,m : ,
where (k+n+1) plays a role as the wavenumber and (m+n+0.5) plays sampling point-like role (data points) in the Fourier analysis and synthesis. The function, that characterizes the expansion coefficients an,k,m, can be determined differently with the degree n. If a n,k,m , i.e., the coefficients of the SHFs, is plotted as a function of (m+n+0.5), it will look like the sine functions with different wavenumber. Differentiation of Q n,k (λ,x) with respect to the longitude and the latitude is straightforward, because their structures are given in terms of the SHFs: (14) and
where .
( 1 6 ) Projection of the basis functions to their differentiation can be performed through the orthogonality of the Fourier series and Legendre functions (Nehrkorn, 1990) : (17) and (18) Evaluation of the basis functions
The orthonormality of the basis functions constructed in the previous section is evaluated. For numerical accuracy, the calculations are carried out with the double precision FORTRAN 90 compiler, where 16 digits of floating points are available. The basis functions are generated using the Legendre functions and the Fourier series on the Gaussian grids (Nehrkorn, 1990; Swarztrauber, 1996) . If not stated otherwise, the number of grids is given as 360×180 on the global domain. The Gaussian points, weights, and the Legendre functions are calculated by the method of Nehrkorn (1990) , where two term recursion relations are incorporated. Table 1 shows the errors of orthogonality and normality: The normality error was presented as the value subtracted by unity, hence the smaller value implies higher accuracy. As can be seen in the Table, ). This high accuracy seems to have come from the accuracy of the Gaussian quadrature used for the projection of the Legendre functions (Swarztrauber, 1996; Cheong et al., 2007) . Some of the basis functions are presented in Fig. 1 for the degree n=3, where the orthographic projection was used for the longitudinal range of [0,π]. As stated above, the basis functions do not show nodal lines aligned along the meridian, indicating that they are not represented with separable functions (cf, Thuburn et al., 2009; Weller, 2012) .
As stated above, the Rossby-Haurwitz waves of same degree propagate with a constant phase speed, regardless of the zonal wavenumber. Therefore, when Eq. (3) is used, the new basis functions are expected to propagate westward, with preserving the initial shape (Dickinson, 1978; Boyd, 1980; Cai and Huang, 2013) . Time evolution of the basis function Q 3,2 (λ,x), whose frequency is Ω /6 is illustrated in Fig. 2 , where time interval is a half day (6 days are required for one complete revolution). It is clear that the initial pattern moves westward with a constant speed without changing the spatial pattern with time. This means that the basis function is also the normal mode of Eq. (7), the linear nondivergent barotropic equation.
Any gridpoint data defined on Gaussian grids can be decomposed into the new basis functions due to their orthonormality. To demonstrate this, a lowresolution global data with n≤12, given as a Gaussian bell type, was expanded with the new basis functions. where θ ' means the angle from the center of Gaussian bell, and a means the scale parameter which determines the horizontal scale of the Gaussian bell. Detailed procedure to calculate analytically the power spectrum can be found in Cheong and Kong (2013) . The power spectrum (or degree variance) was presented in Fig. 3 .
Two plots of power spectrum show no significant difference, both exhibiting exponential decay of the power with the horizontal scale (degree). The results in Fig. 3 suggest that the new basis functions are well capable of decomposing an arbitrary global field into discrete horizontal total wavenumber-like indices. with Ω the Earth's rotation rate. Wave patterns are presented in every 2 hours interval. Map projection and the contour interval are the same as in Fig. 1 . Application to real observed atmospheric geopotential data is illustrated in Fig. 4 : Observed data of 500 hPa level at 1200 UTC of 31 AUG 2010 is first projected onto the new basis functions, and then the global gridpoint data are reconstructed using the spectral coefficient for a certain range of the degree. Four maps presented in this figure are for n≤3, n≤6, n≤9, and n≤12. The fields become more wavy as the range of the coefficient becomes large, that is, the field is composed of ultralong scales for n≤3 while it contains more smaller horizontal scales for n≤12. This example also demonstrates the usefulness of the new basis functions in decomposing the global data into the fields of the same degree.
Summary and Conclusion
In this study, a new set of basis functions have been constructed based on the Rossby-Haurwitz waves, which are the normal modes of nondivergent barotropic vorticity equations on the sphere. The most significant feature of the new basis functions is that they are not separable, implying that they do not consist of a single zonal wavenumber. In other words, they cannot be decomposed into functions of the longitude or the latitude. The basis functions can be categorized into groups which have the same degree. Therefore, the basis functions of identical degree (in the same group) should have the same phase speed when they are time integrated with the linearized non-divergent barotropic vorticity equations.
Evaluation of the basis functions were carried out in terms of the orthonormality, and the errors were found to be about O(10 ) for the computation with double precision (64 bit arithmetic). Time integration of the new basis functions demonstrated that the phase speed is the same as the Rossby-Haurwitz wave. The basis functions were projected on to a low-resolution geopotential field of Gaussian-bell type, and the power spectrum was shown to be well compared to the theory. Projection of the basis functions to the real observed meteorological data also demonstrated the capability of them to decompose the global fields into different horizontal scale or the degree. The new basis functions developed in this study can be applied to eigenmode analysis of the linear shallow water equations as well as the three dimensional equations governing the atmospheric motions. Such an analysis may be crucial to the detection of non lat-lon normal modes of the free atmospheric motions. The basis functions have a limitation in the aspect of computation because the projection of them requires O(N 4 ) operation counts with the number of grids in zonal direction. This is much ineffective compared to the spherical harmonics basis which needs O(N 3 ) operations. However, since the basis new functions retain the advantage of lat-lon grid system which is the only structured grid system on the global domain, the parallel computing could be achieved with efficiency and hence this limitation is not so serious. Such an extension to high-degree basis functions remains as future works.
